We explore the capabilities of the variational multiscale (VMS) method in the context of turbulence control by applying VMS to the simulation of a simple opposition control strategy for turbulent channel flow with the results compared to prior direct numerical simulations and large-eddy simulations (LES). In all cases, the VMS method is found to be more efficient and more accurate than traditional LES with the dynamic subgrid-scale model. The simplicity, accuracy, and generality of VMS makes it particularly attractive for turbulence control investigations.
Introduction
This paper extends our research to develop improved methods for simulation of turbulence control using largeeddy simulation (LES). The LES based methods presented here exploit the promise of the variational multiscale model to greatly improve the efficiency of control formulations applied to turbulent flows. Our prior work [10] has demonstrated that large eddy simulation (LES) with the dynamic subgrid-scale model is an effective tool for studying turbulence control of wall-bounded flows. However, the well known difficulties in extending the dynamic model to inhomogeneous flows limits applications to more complex turbulence control problems. Likewise, the algebraic complexity of the dynamic procedure makes application of gradient based optimal control strategies cumbersome. Recently a new approach to LES called the variational multiscale (VMS) method [15] has been introduced that demonstrates results equal or superior to the dynamic model for both equilibrium and non-equilibrium turbulent channel flows [16] . In addition, the VMS method can be readily extended to complex geometries and the resulting model equations are very simple making the approach attractive for gradient based optimal control. Here, we explore the capabilities of the VMS method in the context of turbulence control by applying VMS to the simulation of a simple opposition control strategy for turbulent channel flow with the results compared to prior DNS and LES. The objective of this research is to determine if the advantages of VMS reported for uncontrolled flows also extend to controlled turbulent flows.
The paper begins with a brief review of opposition control followed by a introduction to the VMS method. We briefly summarize the results from uncontrolled VMS simulations along with comparisons to DNS and dynamic LES in order to validate our implementation. Our VMS implementation is then used to study opposition control across a range of turbulence Reynolds numbers and comparisons are made to prior DNS and LES results.
Review of Opposition Control
Opposition control (also called "out-of-phase" control) is a conceptually simple feedback control strategy that introduces control in the form of distributed suction and blowing at the wall surface in an attempt to oppose the motion of near-wall turbulent structures. The physical argument used to motivate this strategy is demonstrated in Figure 1 . Near-wall turbulent structures generally take the form of streamwise oriented counter-rotating vortices (see e.g., [6, 17, 18] ). By sensing the vertical component of velocity at a sensing plane located a distance y + s from the wall and using suction/blowing in opposition to the measured velocity, one hopes to attenuate the motion of turbulent structures thereby reducing the transport of high momentum fluid toward the wall and reducing drag. Doing so may also hamper the cycle of near-wall turbulence generation [19] . Evidence to support this heuristic description of opposition control is supplied by the LES flow visualization shown in Figure 2 . This figure highlights near-wall turbulent structures for both an uncontrolled and opposition controlled flow at Re τ = 180 using an iso-surface of the second largest eigenvalue of the velocity gradient tensor which has been shown to be an effective indicator of coherent vortical structures in turbulent shear flows [17] . Clearly the number of structures is reduced in the controlled flow and a similar effect is seen in flow visualizations from DNS [14] , albeit with greater fine-scale structure visible.
While the origin of opposition control is somewhat uncertain [11] , the first simulations demonstrating this method are those of [5] who used DNS at Re τ = 180 reporting about 20% drag reduction when the sensing plane is located at y + s = 10. The more recent DNS by [14] shows that, again for Re τ = 180, the optimal sensing plane location is y reduction. Both studies reveal that drag increases when the control is set to counter motions too far from the wall, say at y + s > 25 [5, 14] . These DNS studies serve to demonstrate the effectiveness of opposition control as well as identify likely mechanisms for drag reduction when using opposition control. In so doing, they spurred on a number of other investigations that built on the idea of opposition control in a variety of ways (see [10] for a review). In particular, the experience gained from opposition control has played an important role in interpreting the effects of more complex control strategies such as neural networks [20] and optimal control [25] . Unfortunately, most, if not all, prior studies of opposition control and related control strategies have been performed at very low turbulence Reynolds numbers, Re τ < 200. Recently, the authors [10] have utilized LES with the dynamic subgrid-scale model to explore the influence of viscous effects on opposition control of low Reynolds number channel flows and this study revealed that the effectiveness and efficiency of opposition control is reduced as Reynolds number increases. However, the performance of opposition control appears to become independent of Reynolds number for Re τ > 400 with a drag reduction of 19% and ratio of power saved to power input of 10. While LES with the dynamic model has proven to be an accurate and efficient tool for exploring turbulence control for wall bounded flows using both opposition and optimal control strategies [3, 4, 9] , the dynamic model does, however, suffer from a number of disadvantages that limit its application to more complex flows. To address these limitations, this paper presents the first application of the variational multiscale (VMS) method of turbulence modeling to turbulence control simulations. Before presenting results using this new formulation, we first briefly review the VMS method.
Review of the Variational Multiscale Method
The Variational Multiscale (VMS) method for LargeEddy Simulation (LES) was first described by Hughes, Mazzei, and Jansen [15] and recently clarified by Collis [7] . In VMS, the solution is partitioned as U = U + U where U are the large scales and U are the small scales. It may be useful to think of each scale as a range of Fourier modes in wavespace, although other bases may be used in practice. In lieu of spatial filtering, as is commonly used in classical LES, the VMS method relies on variational (or Galerkin) projection in order to isolate the large and small scales. The details of this approach are given in [7] where it is shown that one can readily derive the exact equations of motion for each scale range and that appropriate modeling assumptions can be introduced for each scale range. Using this approach, the discrete, modeled Navier-Stokes equations for the domain Ω can be written formally as
where V (W , U ) Ω denotes a variational form of the Navier-Stokes equations with weighting functions W = W + W (see [7] for details) and M , M denote the model terms acting on the large and small scales, respectively. It is desirable that there be no direct modeling in the large scale equations (M = 0), while the small scales may have models ranging from a simple Smagorinsky closure, similar to classical LES, to a full Reynolds stress model, similar to RANS. By changing the partitioning between largeand small-scales and/or by changing the form of the model terms, one can alter the formulation from DNS to LES to RANS thereby providing a true hybrid approach and this is a direction of research that we are currently considering [8] .
However, for the present work we utilize a simple constant coefficient Smagorinsky model acting on the small scales with no explicit model on the large scales. Since the largescales have no direct model, when all scales of motion fall within the large partition, the exact solution (i.e. DNS) is obtained. This feature is missing from classical LES and RANS methods. Likewise, at finite resolution when both large and small scales are active, it is likely that the large scales will be more accurate and this is verified in recent studies [16, 26] . In summary, the VMS approach provides a number of advantages over other LES models including:
• the variational formulation provides a solid mathematical foundation for turbulence modeling;
• the VMS method can be readily extended to complex geometries -there are no commutativity or homo-geneity issues like those that arise when using spatial filters (see e.g., [13, 15] );
• a constant coefficient Smagorinsky type model acting only on small scales has been shown effective, even for wall bounded flows [16] ;
• the modeled equations are considerably simpler then the dynamic subgrid-scale model [12, 21] making calculations potentially more efficient.
We believe that these benefits may prove to be particularly valuable for simulation of complex turbulence control systems which motivates our current application of VMS to opposition control for turbulent channel flow.
Problem Formulation
To make the discussion concrete, consider incompressible, fully-developed turbulent flow in a planar channel where the fluid motion is predicted using LES with a VMS model. In the following discussion the coordinate system for the channel flow is x 1 in the streamwise direction, x 2 in the wall-normal direction, and x 3 in the spanwise direction. Alternatively, the coordinate directions in the streamwise, wall-normal and spanwise are also referred to as x, y, and z. The flow in the streamwise and spanwise directions is assumed to be periodic. We have implemented VMS in our existing LES flow solver that uses a hybrid Fourier-spectral and finite difference method [1, 22] and has been modified to run efficiently on workstation class computers and shared memory parallel computers [3] . A Fourier-spectral scheme is used to compute terms in the homogeneous directions and a conservative second-order finite volume scheme is used to compute spatial derivatives in the wall-normal direction. The computational grid is staggered in the wall-normal direction. The flow is advanced in time using an implicit Crank-Nicholson method for wall-normal derivative terms; an explicit, third-order Runge-Kutta method for terms involving derivatives in homogeneous directions; and a fractional step algorithm is used for the pressure.
Since this code uses a Fourier-spectral method in x 1 and x 3 based on a Galerkin variational formulation, it is straightforward to apply the VMS scale separation in these directions as described above. However, since a finite difference method is used in the wall normal direction, the application of scale separation in that direction is inconvenient. In our recent work [26] , we present an approach to VMS called Planar Variational Multiscale (PVMS) where we apply the VMS approach only in the two homogeneous directions with no direct scale separation in the wall normal direction. This is akin to filtering only in the horizontal planes which is a common practice for traditional LES applied to channel flows [12, 21] . Note that the other applications of VMS to channel flows reported in the literature, Hughes et al. [16] and Oberai et al. [24] , used a FourierGalerkin method in the homogeneous directions with a Legendre-Galerkin method in the wall normal direction so that the VMS method could be applied in all three coordinate directions. Their work demonstrates that the VMS method results in high quality solutions that are often superior to the dynamic model, especially for transient turbulent flows. Similar to Hughes et al. [16] , a simple constant coefficient Smagorinsky model is used on the small scales.
Numerical Results
A summary of the domain sizes and grid resolutions for all PVMS simulations are presented in Table 1 . All the resolutions ∆x + and ∆z + are computed based on the 3/2 dealiased mesh. The Smagorinsky coefficient C s = 0.1 for all PVMS simulations reported here. All dynamic model results presented here refer to our implementation of the dynamic subgrid-scale model in the same code [3] . Simulation parameters for the dynamic model are presented in Table 2 . To distinguish the simulations at the same Reynolds number with varying parameters, we include a simulation number associated with that Reynolds number (see Tables 1 and 2 means a higher resolution and/or a larger domain. We choose δ, the channel half height, as the reference length scale, and u τ = (τ w /ρ) 1/2 as reference velocity scale, where τ w is the average shear stress on the walls. The reference (convective) time scale is then δ/u τ and the reference Reynolds number is Re τ = u τ δ/ν. In presenting results, we sometimes report viscous time units which are defined as t
Uncontrolled Flow
Quantitative comparisons of mean and rms statistics from PVMS for uncontrolled flows at Re τ = 180 (runs PVMS2 and PVMS3 of Table 1 ), the dynamic model (DYN2 of Table 2 ), and DNS are presented in Figures 3  and 4 . The partition between large-and small-scales in the homogeneous directions are denoted by N x and N z in the streamwise and spanwise respectively. Unless otherwise indicated, we use the same partition in both directions which we refer to as N. This parameter is critical for obtaining quality solutions with PVMS. The optimal partition for both PVMS2 and PVMS3 was found to be N = 14 (see [26] ). The agreement between PVMS simulations and DNS is superior to that of the dynamic model both at the same resolution (PVMS3) and even when using a lower resolution (PVMS2).
The efficiency afforded by PVMS in predicting higher Reynolds number flows was exploited by performing simulations at Re τ = 360 and 590 [26] . The agreement of the PVMS calculations with the available DNS [23] and well-resolved dynamic LES [10] was equally good at these higher Reynolds numbers. At Re τ = 590, the partition, N = 32, is found to give the best agreement with DNS. The PVMS resolution of (72 × 128 × 72), using the same computational domain of (2π, 2, π), is 57 times smaller than the DNS [23] resolution of (384 × 257 × 384). Overall, PVMS results are in excellent quantitative agreement with available DNS data at both Re τ = 180 and 590 [26] . Furthermore, the results are obtained at a fraction of the computational cost of DNS.
Opposition Control
We now present opposition control results for Reynolds numbers 100, 180, 360, and 590. The quantitative agreement between DNS [14] and dynamic LES [10] for drag reduction at these Reynolds numbers is good. Controlled Table 3 Optimal drag reduction and corresponding power savings ratios at different Reynolds numbers from PVMS simulations. DNS data obtained using a resolution (42 × 64 × 42) and the dynamic model [10] . The maximum drag reduction for Re τ = 180 of approximately 25% when y + s ≈ 15 is also in excellent agreement with DNS [14] . The authors note that control results for the lower resolution (PVMS2) seen in Figure 9 are very similar to the higher resolution studies (see Table 3 ). Similarly, the quantitative comparison of the PVMS predictions at Re τ = 360 and 590 are in close correspondence with the well-resolved dynamic LES from our prior study [10] . The PVMS drag reduction results for opposition control are summarized in Table 3 along with two measures used to evaluate the control efficiency [2, 10] . In this table, P D is the power saved due to drag reduction, P φ is the power input by the control, and P |φ| is a more conservative estimate for power input by the control that does not allow the flow to perform work on the control [2] . Notable trends in Table 3 include the shift of the optimal sensing plane location corresponding to maximum drag reduction Fig. 11 The optimal drag reduction and sensing plane locations for Reτ = 100: PVMS1; DYN1 [10] ; and DNS at Reτ = 100 using a resolution of (42 × 64 × 42). closer to the wall as Re τ increases and the reduction in opposition control efficiency, as measured by the ratio of power saved to power input, with increased Reynolds number. These trends have been predicted in our recent study using LES with the dynamic model [10] and are verified here using PVMS. The mean and rms statistics of the controlled flow at Re τ = 180 (PVMS3) are presented in Figure 10 . The controlled statistics from PVMS simulations show the same trends reported by Choi et al. [5] from DNS and the dynamic LES opposition control studies of Prabhu et al. [25] . In general, the most dramatic change in the rms statistics is observed in the wall-normal component that has a local minima at a distance approximately halfway between the sensing plane location and the physical wall which is the so-called virtual wall identified by Hammond et al. [14] . A more detailed study of the virtual wall by Prabhu et al. [25] , using a POD analysis, shows that it behaves like a slip-wall that hampers the transport of high momentum fluid towards the wall in the sweep phase of the near-wall cycle and is believed to be the principle mechanism for drag reduction in opposition control. The spanwise velocity fluctuations are generally not altered significantly by the action of control, although there is slight attenuation in the magnitude. To summarize, the effect of opposition control is to attenuate the strength of the turbulence intensity in the near-wall region and to obstruct the near-wall cycle that is responsible for increased skin friction at the wall. Our PVMS simulations support these observations which are consistent with other opposition control simulations [2, 5, 10, 25] .
We now explore the relative efficiency and accuracy of PVMS versus the dynamic model for turbulence control simulations. Consider the results at Re τ = 100 given in Figure 11 which show that for a similar resolution, PVMS is slightly more accurate in predicting the location of the optimal sensing plane compared to the dynamic model. The advantage of PVMS is clearer at Re τ = 180, where the lower resolution PVMS predictions for drag reduction, seen in figure 12 , are very similar to the higher resolution PVMS results indicating a relative insensitivity to resolution while the dynamic model shows a significant sensitivity to resolution. We have observed a similar insensitivity to resolution when using PVMS even for uncontrolled flow statistics (see Figures 3 and 4) . Overall, PVMS is computationally more efficient than the dynamic model for all Reynolds number considered and, at equal resolutions, produces uncontrolled and controlled results in better agreement with available DNS.
Conclusion
After validating our planar implementation of VMS (called PVMS) with DNS for uncontrolled channel flow, we performed turbulence control simulations which demonstrate that PVMS is an excellent tool for obtaining quantitatively accurate estimates for drag reduction based on opposition control in turbulent channel flow. In particular, the trends predicted by PVMS confirm our findings (originally obtained using LES with the dynamic model [10] ) that opposition control loses both effectiveness and efficiency as Reynolds number increases. Our findings also indicate that VMS is both a more computationally efficient and a more accurate method for turbulence control simulation then the dynamic model. We believe the success of VMS lies in the fact that modeling is confined to the smallest of the resolved scales while the large, dynamically important scales are not directly influenced by modeling errors. Our future work will focus on developing methods for proper selection (tuning) of the partition between large and small scales. We also hope to exploit the efficiency and simplicity of the VMS method in the realm of optimal control simulations.
